
1020 AIAA JOURNAL VOL. 10, NO. 8

Response of Finite Periodic Beam to Turbulent
Boundary-Layer Pressure Excitation

R. VAICAITIS*
Columbia University, New York

AND
Y. K. LiNt

University of Illinois, Urbana, III.

The response of an N-span Bernoulli-Euler beam on evenly spaced elastic supports and exposed to a converted
boundary-layer turbulence is investigated analytically. Transfer matrix technique together with the flexural wave
propagation concept is employed for the analysis. The random pressure is decomposed into a field of spatial harmonic
plane waves and then the total response is obtained by the superposition of all the infinitesimal responses correspond-
ing to each harmonic wave component Numerical examples are presented for a five-span beam clamped at both
ends. The boundary-layer pressure field is chosen to be a truncated Gaussian white noise moving at a specified con-
vection speed.

I. Introduction

IT is well established by now that the random pressure fluctua-
tions resulting from eddies moving in a boundary-layer

turbulent flow can severely excite the exterior of a vehicle
traveling at high speed through certain media (air, water).
The vibrations so induced will inflict fatigue damage on the
structure which must be taken into consideration in the design
to ensure that the probability is high for the vehicle to survive
its intended service life. To assess the fatigue life, it is necessary
to know the statistical properties of the structural response.1

The usual construction of a flight vehicle fuselage or a ship
hull consists of thin skin reinforced by stiffeners, known as the
skin-stringer panel construction. The analysis of actual skin-
stringer panels is too complicated; therefore, an idealized model
needs to be selected for mathematical treatment. Early papers
in the literature on structural response to boundary-layer
turbulence were concerned primarily with the noise trans-
mission to the inside of a vehicle. Their model was either a
single isolated panel or an infinitely large plate.2"5 However,
these simple models are not suitable for fatigue analysis since
the stress spectra computed by use of such models do not exhibit
multiple peaks clustered in groups, typical of experimentally
determined stress spectra for skin-stringer panels in a broad-band
environment. It has been shown that the grouping of stress
peaks is due to the interaction between neighboring panels
and that a multispan model is required for a realistic analysis.6
A reasonable idealization is to assume that all panels are iden-
tically constructed. Thus, the structural model belongs to a
general class of "periodic structures," which possess some
interesting common properties.7 These properties can be
explained more readily in the case of a single row of panels or,
simpler still, the case of a beam on evenly spaced supports.8"12

One complication in the use of a multispan model is the extreme
tedium and/or inaccuracy in the determination of normal
modes 1(U1; therefore, the traditional normal mode approach
to compute the total response is not practical for such structures.
More recently the response of multispan structures to harmonic
and boundary-layer pressure field was considered by Mead
and his associate13'14 using a wave propagation approach
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originally due to Brillouin.7 This method seems to work well
for periodic structures of an infinite total length or for finite
length periodic structures where deflections are zero at all
periodically spaced supports.

In this paper we shall consider an N-span Bernoulli-Euler
beam on evenly spaced elastic supports and exposed to a con-
vected turbulence field Both deflections and rotations are
allowed at all supports. Since the motion of the beam at each
periodic support has two degrees of freedom, two types of
flexure waves are present in the beam for which Brillouin's
method becomes rather intractable. This difficulty is circum-
vented by using a transfer matrix formulation.12'15'16 It will be
assumed that the vehicle's speed is sufficiently high that the
turbulence field remains nearly unchanged during the time
required for an eddy passing the vehicle. In other words, the
turbulence field will be idealized as a convected "frozen" random
pattern.

II. Problem Formulation

A convected frozen random pressure field may be represented
as a superposition of numerous infinitesimal plane waves

p(x-in p(k)exp[zk - (x - vf)] dk (1)

where k and v are wave number and velocity vectors, respectively.
They are related to the frequency of wave propagation by
co = k • v.

Assuming that the random excitation has operated for a
sufficiently long time and the effects of initial conditions have
died out, the structural response can be written as

p(k)S(x,k)e-* "'dk (2)

where Z is a response state vector and from a comparison of
Eqs. (1) and (2\ it is clear that the vector S exp(- ik • vt) gives the
response at x due to a unit plane wave exp[ik • (x — vt)]. The
column matrix S will be called the matrix of sensitivity functions.

The matrix of autocorrelations and cross-correlations of the
components of the response vector is given by

•S(x1,k1)S*r(x2,,k2)-exp[-i(k1t1-k2t2)-v]^Mk2 (3)
where £[ ] denotes the mathematical expectation, an asterisk
indicates the complex conjugate, and a superscript T represents
the transpose of a matrix. For a homogeneous turbulence field



AUGUST 1972 RESPONSE OF FINITE BEAM TO PRESSURE EXCITATION 1021

OKk^flq - k2) (4)
where 3>(k) is the multidimensional spectral density function in
the wave number domain and it is defined as the Fourier trans-
form of the correlation function R(u)

(5)

where u = Xl — x2. Substituting (4) into (3), we have

£[Z(Xl,^)Zr(x2,t2)] = j r f S(Xl,k)-a>(k)-

S* r(x2, k)exp[ - ik • \(t1 - £2)]dk (6)(
The matrk of cross-spectral densities for the components of Z
is obtained by treating the right-hand side of Eq. (6) as a function
of T = t2 — *i and taking the Fourier transform,

[<DZZ (Xl, x2, co)] = I I S(Xl, k)<D(k)- S*T(x2,k)d(<D - k - v)dk
J J-J

(7)
The elements on the ith row and yth column in this matrk is

the cross-spectral density ofZ£xl9 tt) and Zj(x2, t2\ The spectral
densities are obtained from the diagonal elements by letting
X! = x2. To evaluate the response cross-spectra given in Eq. (7),
it is necessary to know the sensitivity function matrk S and
the spectral density of the turbulence field <D(k). Equation (7)
applies to any linear structure under the excitation of a convected
frozen field. In what follows we shall restrict our discussion to
a one-dimensional structure and our numerical computation to
just spectral densities. Within these restrictions, we only require
the formula

, co/v)\2 (8)
where S, is the yth component of the S vector.

in. Determination of Sensitivity Function Matrix

Limiting our discussion to a one-dimensional N-span Ber-
noulli-Euler beam elastically constrained against rotation and
translation at uniformly spaced intervals and immersed in a
fluid stream as shown in Fig. 1, the sensitivity function matrix
can be obtained utilizing the transfer matrix techniques.12'15'16

The advantage of a transfer matrix formulation includes the
ease of imposition of boundary conditions, the consideration of
deflection, slope, moment, and shear simultaneously as different
components of response vector, and the ability to treat a structure
composed of periodic units with very complicated configurations.
The last item is illustrated by the attachment of a damping
device at the center of each span for the control of response
levels.

|Damping
idevice

Fig. 1 Problem geometry.

We note some interesting properties of a transfer matrix12:
1) the determinant of a transfer matrix is unity; 2) the inversion
of a transfer matrk can be accomplished by rearranging the
elements and changing some of their signs; 3) the eigenvalues
are in reciprocal pairs; 4) if the structural element represented
by a transfer matrix is symmetrical, then by a suitable choice
of the order and sign convention for the components of the state
vector the transfer matrix can be made symmetrical about its
cross-diagonal.

We recall that sensitivity functions are related to a plane wave

excitation. Then the equation of motion for a uniform beam
segment, say, between sections a and b is given by

El d4w/dx4 + pA d2w/dt2 = eik(x~vt) (9)
At the steady-state w(x,t)= W(x,k)e~ikvt. Then, canceling the
common factor exp( — ikvt) on both sides of Eq. (9), we obtain

d4W/dx4 -r\4W = eikx/EI (10)
where

n
4 = (pA/EI)(kv)2

Let the distance between a and b be /. Then the solution to
Eq. (10) expressed in matrk form is

Sb = FSa + [(F - jklI)/EI(k4 - >74)]P (11)
where I is the identity matrix, where F is a field transfer matrk
which would transfer the state vector S from station a to station b
if the beam were unloaded, where P = { -1, - ik, Elk2, iEIk3}
and where S is the required sensitivity function matrk with
components Sd = W(x, k\ Sg = dW(x, k)/dx, SM = EId2W(x, k)/
dx2,Sv = El d*W(x, fy/dx3* (corresponding to deflection, slope,
moment, and shear, respectively.) By choosing the basic periodic
unit for the beam to be symmetric about the center of an interior
span, the transfer matrk for an unloaded beam between stations
n and n + 1 of such a basic unit can be written as12

T = G1/2FDFG1/2 (12)
where G is a point transfer matrk associated with an elastic
support and D is associated with damping device attached at
the midspan of each periodic beam segment. The use of G1/2

at both ends of the chain product in computing the transfer
matrk T for an unloaded basic periodic unit implies that every
interior support is shared by two neighboring units. Matrices
F, G1/2, and D are given in Appendk. From Eqs. (11) and (12),
the transfer relation for a loaded basic periodic unit is

where
E = G1/2(F D + I) [(F - eMI)/EI(k4 - f/4)]P (14)

and where the superscript, /o r r, signifies that the state ..vector
is evaluated at the left or right of a station. The inhomogeneous
difference equation, Eq. (13) can be solved to yield

r = 0

Equation (15) together with boundary conditions at the end
stations can be used to determine the sensitivity function matrk
at any periodic stationt for a periodic beam considered in Fig. 1.
For example, let both ends of the beam be clamped. Then from
a straight forward matrk operation we obtain, at the periodic
station q

'V"13

"23 "24

"33 "34

L"43 "44

r 7*24 -r14n p
L-^23 r13J L^

~ r23r!4
(16)

where uij9rij9 vh hh are elements from transfer matrices

T rE), H = *£ T«E,

respectively. Note that matrk G~1/2 is used whenever is necessary
to remove the effect of a "half elastic support which has been
accounted for in the computation of T for a basic periodic unit.

The use of Eq. (16) requires determination of matrk T". If n
is large, the roundoff error accumulated from direct multiplication
can be excessive. However, by use of Caley-Hamilton theorem
T" can be expresses as a linear combination of any four indepen-

t That is, a station marking the boundary of two neighboring units.
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dent analytic functions of T. It is convenient to choose the form12

(17)

The coefficients a, and bj can be determined by substituting the
eigenvalues of T into Eq. (17). Let these eigenvalues be exp(± iO^)
and exp(± i92) where 0X ^ 92. The simultaneous equations for
cij and bj are found to be

2
(18a)

m = 1,2

sinn0m = (18b)

(19a)

(19b)

(19c)

(19d)
j=i

The eigenvalues are generally complex. They are obtained from
the characteristic equation for T

A4 - 2K^3 + 2K2>12 -2K^ + 1 = 0 (20)
where

If 0X = 02 = 0, Eq. (18) must be replaced by
2

cosw0 = Z 0; cos 70

n sin H0 =

sinn0 =

= i Z (21)

and fy are elements of transfer matrix T. Note that the coefficients
in Eq. (20) are symmetric, typical for periodic structures. Sub-
stituting X = exp(± i9j)(j = 1,2) into Eq. (20), it can be shown
that

00801 K (K2 K 1V/2
_ * -L | * 2

~ - ~ "
(22).

The summation
.1 T1"

can be carried out in a similar manner. Write
n-l

(23)
/

The coefficients c, and dj can be determined from

sin(rtJ2)cos[(r - 1)9 J2) = sin(0m/2)- Z Cj cosj9m (24a)

m = 1,2

- l)0m/2] = sm(9J2)- (24b)

Numerical difficulty may arise when evaluating the denomin-
ator r13r 24 — ri4/*23 in Eq. (16). Since in most practical cases
the interior elastic supports are rather stiff, the elements of
matrk R can become quite large. At or near each response peak
7*137*24 — 7*14/23 is a small difference of two very large numbers.
Thus, a more accurate procedure for the computation of this
denominator is often required. Such a procedure is available
in the method of delta matrices.12'15

The sensitivity function matrix, Eq. (16), is evaluated at a
demarcation point of two neighboring periodic units. Such a
demarcation point is "artificial" since we have artificially split
the contribution of an elastic support between two units for
mathematical convenience. However, it is a simple matter to
evaluate this matrk at any other station once its value at the

nearest periodic station is known. For example, at the right of
support q we have

(25)

and at the left of the damper between supports q and q + 1,
we have from Eq. (11)

S = F SJ + (El)- \k* - rj4)- X[F - eiklI~]P (26)
The special case where the translational degree of freedom is

prohibited, considered by Mead and his associate,13'14 belongs
to a general class of "interior singular conditions."12 It can be
shown that under such conditions the analysis of the problem
is simplified considerably since the order of transfer matrk is
reduced from 4 x 4 to 2 x 2. Denoting the transfer matrk for
a basic periodic unit by B, the sensitivity function matrk for
a beam with such an "interior singular condition" is

(27)

where
S =

(28)
and €j are the elements of the column matrk E given in Eq. (14).
The elements of matrk B can be computed from the elements
of matrk T as follows:

(29b)

Matrk B possesses the usual properties of a transfer matrk and
it is cross-symmetric whenever T is cross-symmetric.
Matrices Bn and _

can be evaluated in a similar fashion as before by applying the
Caley-Hamilton theorem

B" = cos tt0/cos 0[(B.+ B~ l}/2~\ + sin w0/sin 0[(B - B" ̂ 72]
(30)

y w = sin(n0/2)cos[(n-1)0/2] /B + B ^
r^o sin(072)cos0 \ 2

sin(n0/2) sin[(n - 1)0/2] (B - E~ l\ (31)
+ sin(0/2) sin 0

IV. Coincidence Phenomenon

For an undamped case, free flexural waves may exist in a
periodically supported beam. Every such a wave is propagated
at a characteristic speed and a characteristic wave number.14

When a forcing plane wave and the natural free flexure wave
match in both speed and wave number, the condition called
"coincidence" occurs. The result is a theoretically unbounded
response in the structure. For a finitely long periodic beam
under convected boundary-layer turbulence excitation, the
"coincidence" phenomenon is evidenced by multiple peaks in
the response spectrum clustered in separate zones. These zones
roughly coincide with the so-called free wave propagation zones
for the corresponding infinite long beam.14 The number of peaks
in each zone is equal to the number of spans of the beam. This
is in contrast to the result from a single span model where indivi-
dual spectral peaks are well separated. When damping is present
these peaks are supressed but they remain clustered in groups.
The response level usually can be greatly reduced by tuning
the midspan dampers to a frequency near the center of an
appropriate free wave propagation zone. Thus, such dampers
may be tailored to suit a given spectral shape of the boundary-
layer turbulence environment.
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V. Numerical Examples
Numerical results were obtained for a five-span beam clamped

at both ends using a double precision procedure on an IBM
360/91 computer. These results are presented in Figs. 2-4 in
terms of spectral densities and rms values of the bending mo-
ment at the center of the middle span. The following is a list of
physical data used in the computation: 21 = 8.2 in. (distance
between supports); b = 1 in. (beam width); t = 0.04 in. (beam
thickness); E = 10.5 x 106 lb/in.2 (Young's modulus); /q =
1100.0 lb/in. (deflectional spring constant); k2 = 180.0 in. - lb/
rad (rotational spring constant); kd = 1 lb/in. (spring constant of
damper unit); m = mass of damper unit; p = 0.101/386 lb —
sec2/in.4 (beam mass density); con = (kd/m)l/2 = 750.0 rad/sec
(natural frequency of damper unit).

Structural damping of the beam material and the elastic
supports is accounted for my multiplying complex factors
(1 + igSd\ (1 + i&toVaiid (! + '&-J to E, kl9 and /c2, respectively.
The damper unit attached at severy midspan is tuned at fre-
quency con = 750 rad/sec and each has a loss factor of g = 0.2.

The boundary-layer turbulence is assumed to be characterized
by a spectral density

0
,-kc<k<kc

otherwise
(32)

where a2 is the mean-square pressure and kc is a cutoff wave
number. It is well established that a varies as the square of the
freestream velocity 17^; that is, a = a (7^. For subsonic flow
at an altitude of 25,000 ft a realistic estimate for the constant a
is about 2.22 x 10 ~8 when U^ is expressed in fps and a in psi.
The cutoff wave number kc is chosen so that the energy available
in the turbulence is used to excite only those modes within the
first free wave propagation zone. Therefore, if this first zone is
located in the frequency interval [coh a> J, then kc is chosen to be
slightly greater than cojv. The convection speed is assumed to
be 0.8 of the freestream velocity U^.

then taking the square root) are shown in Fig. 4 for different
convection velocities.

- — — — v/v0 = 0.340

———————— v/v0 = 0.475

- -. — . — . v/v0 = 0.609

\_ X

0 1.8 1.9 2.0 2.1 2.2 2.3

oo/a>0 (Nondimensional Frequency Parameter)

Fig. 3 Spectral density of bending moment (damped case).

4.5x10
rms

3.0x10

2.206

0 0.2 0.4 0.6 0.8 1.0
v/v0 (Nondimensional Convection Velocity
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— First Free Wave Propagation __J
Zone I

i_______|_______|_______i I
0 1.8 1.9 2.0 2.1 2.2

u>Au0 (Nondimensional Frequency Parameter)

2.3

Fig. 2 Spectral density of bending moment (undamped case).

Figure 2 shows the power spectral density of the bending
moment M at the center of the middle span when the system
is undamped. The abscissa is the excitation frequency nor-
malized to the fundamental natural frequency a>0 (340 rad/sec)
of a single span beam simply supported at both ends. The range
of excitation frequency shown in the figure covers the whole of
the first free wave propagation zone. It is interesting to note that
the theoretical response becomes unbounded at the frequencies
where free flexural waves in the beam exist; that is, when "coin-
cidence" occurs. In Fig. 3 similar results are shown for a damped
system for several convection velocities. The convection velocity
v is normalized to the speed of sound in the atmosphere v0
(1017 fps). In the computation we used #sd = 0.02 and gres =
gdes = 0.05. This figure demonstrates that the damping device
considered herein can be used effectively to reduce response
levels over a wide frequency range. Corresponding to the same
physical data as those used to obtain Fig. 3, the rms bending
moments (obtained by integrating the response spectral densities
over the range of co for the first free wave propagation zone and

Fig. 4 The rms response of bending moment in the beam.

VI. Conclusions

Although the calculations reported above pertain to a simple
Bernoulli-Euler beam, primary conclusions drawn from the
present study are believed to apply to all periodic structures under
convected noise excitations. The transfer matrix approach used
in this study is seen to be a suitable and convenient way in ana-
lyzing the response of periodic structures to random pressure
fields.

Appendix: Basic Transfer Matrices F, G1/2, D

C0 IS1 12C2/EI 13S3/EI

y*EIC2/l2 y4EIS3/l
f3 (cross-symmetric)

(Al)

Gl/2

1 0 0 0
0 1 0 0
0 k2

/2 1 0
-k\12 0 0 1

D =

0 0 0 0
0 1 0 0
0 0 1 0
d 0 0 1

(A2)

where El = bending rigidity; y = /(/z/E/)1/4co1/2; \JL = mass of
beam per unit length; C0 = (cos hy + cos y)/2; 5j = (sin hy +
sin y)/2y; C2 — (cos hy — cos y)/2y2; S3 = (sin hy — sin y)/2y3; and
d = mco2/[l - a)2m/kd(l + ig)~\.
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Supersonic Flow over Convex and Concave Shapes
with Radiation and Ablation Effects

O. BOHACHEVSKY* AND RONALD N. KOSTOFF f
Bellcomm Inc., Washington, D.C.

A first-order accurate numerical method of unsteady adjustment is employed to calculate inviscid flowfields about
convex and concave shapes. Two geometries are used: 1) conical forebodjes with spherical afterbodies whose cone
half-angles range from 50° to 135° and 2) thin-walled cylinders with cylindrical cavities of different depth facing
the oncoming stream. Computations with radiative heat-transfer effects are carried out for flows over 50.56° and
79.83° half-angle cones. A gray gas model is assumed; no restriction is placed on the optical thickness nor is a slab
approximation made. Results show a significant departure from the slab approximation near surface discontinuities
and large radiative energy losses near cold surfaces. Flows over concave shapes, i.e., the 120° and 135° cones and
the two cylinders, relax to their steady-states in a damped oscillatory manner. Higher-order accurate computations
are necessary to resolve the nature of these oscillations.

I. Introduction

K NOWLEDGE of the flowfield about a spacecraft entering
an atmosphere is important in vehicle design and mission

planning. For example, the flowfield determines the dependence
of aerodynamic loads and heat-transfer rates (both convective
and radiative) on entry trajectory; specification of the charged
particle concentration within the flowfield delineates that portion
of the entry path where communication blackout occurs. Also,
familiarity with the flow pattern assists experimenters in the
selection of the most favorable locations on the vehicle surface
for placement of their instruments.

Extensive and successful studies of flowfields associated with
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atmospheric entry vehicles have been performed in the past; the
literature pertaining to these investigations is too vast to be dis-
cussed here. It is known that, depending on the forebody geometry
and the freestream conditions, either of two cases occurs: the
shock wave is attached with a supersonic flow behind it, or the
shock wave is detached with a mixed subsonic-supersonic flow
behind it.

These two cases have always been investigated separately; to
the best of our knowledge no method for determining the flowfield
exists that does not require prior knowledge of the nature of bow
shock configuration. However, as planning and technology be-
come more refined, it becomes desirable to perform flowfield
computations for a portion of the trajectory along which the
shock configuration changes from attached to detached. Such
change of configuration may be caused by the change of free-
stream conditions or by large ablation rates and excessive
blunting of the tip due to erosion.

Recent planning of future space missions envisages extensive
use of mass injection from the forebody of the vehicle into the
flowfield. This may be either for cooling1 or, through the applica-
tion of retrcrockets, for assisting in the aerodynamic braking
during atmospheric entry.2 Effective exploitation of these devices


